Abstract. In this paper we introduce concepts of disjoint, strongly disjoint and weakly disjoint continuous g-frames in Hilbert spaces and we get some equivalent conditions to these notions. We also construct a continuous g-frame by disjoint continuous g-frames. Furthermore, we provide some results related to the Riesz-type continuous g-frames.
Introduction
In 1952, the concept of frames for Hilbert spaces was defined by Duffin and Schaeffer [6] . Frames are important tools in the signal processing, image processing, data compression, etc. Let H be a separable Hilbert space. We call a sequence F = {f i } i∈I ⊆ H a frame for H if there exist two constant A F , B F > 0 such that
If in (1.1), A F = B F = 1 we say that F = {f i } i∈I is a Parseval frame for H. Let F = {f i } i∈I be a frame for H, then the operator T F : l 2 (I) → H, T F ({c i } i∈I ) = i∈I c i f i , is well define and onto, also its adjoint is
The operators T F and T * F are called the synthesis and analysis operators of frame F. The concepts of disjoint frames and strongly disjoint frames introduced by Han and Larson [10] .
are orthogonal.
In 1993, Ali, Antoine and Gazeau developed the notion of ordinary frame to a family indexed by a measurable space which are known as continuous frames [4] . Definition 1.3. Let H be a complex Hilbert space and (Ω, µ) be a measure space. The mapping F : Ω → H is called a continuous frame if (i) F is weakly-measurable, i.e., for all f ∈ H, ω → f, F (ω) is a measurable function on Ω, (ii) there exist constants A F , B F > 0 such that
If F : Ω → H is a continuous frame then the operator S F : H → H defined by
is positive and invertible. S F is called the continuous frame operator of F.
In 2006, g-frames or generalized frames introduced by Sun [11] . Abdollahpour and Faroughi introduced and investigated continuous gframes and Riesz-type continuous g-frames [2] . Disjointness notions were developed to continuous frames by Gabardo and Han [7] and to g-frames by Abdollahpour [1] . In the rest of this paper we assume that H and K are complex Hilbert spaces and (Ω, µ) is a measure space with positive measure µ and {K ω : ω ∈ Ω} is a family of Hilbert spaces. Now, we summarize some facts about continuous g-frames from [2] .
We say that F ∈ ω∈Ω K ω is strongly measurable if F as a mapping of Ω to ω∈Ω K ω is measurable, where
Definition 1.4. We say that Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} is a continuous g-frame for H with respect to {K ω : ω ∈ Ω} if (i) for each f ∈ H, {Λ ω f : ω ∈ Ω} is strongly measurable, (ii) there are two constants 0 < A Λ ≤ B Λ < ∞ such that
We call A Λ , B Λ the lower and upper continuous g-frame bounds, respectively. Λ is called a tight continuous g-frame if A Λ = B Λ , and a Parseval continuous g-frame if A Λ = B Λ = 1. If for each ω ∈ Ω, K = K ω , then Λ is called a continuous g-frame with respect to K. If there is no confusion, we use continuous g-frame (continuous gBessel family) instead of continuous g-frame for H with respect to {K ω : ω ∈ Ω} (continuous g-Bessel family for H with respect to {K ω : ω ∈ Ω}).
Then there exists a unique positive and invertible operator S Λ : H → H such that
and
The operator S Λ in Proposition 1.5 is called the continuous g-frame operator of Λ. Also, we have
We consider the space
It is clear that K is a Hilbert space with point wise operations and with the inner product given by
is linear and bounded with T Λ ≤ √ B Λ . Also, for each g ∈ H and 
then Θ is called a dual continuous g-frame of Λ.
ω ∈ Ω} is a continuous g-frame and by (1.3), Λ is a dual of Λ and we call Λ the canonical dual of Λ. One can always get a tight continuous g-frame from any continuous g-frame, in fact, if Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} is a continuous g-frame then
Two continuous g-Bessel families Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} and Θ = {Θ ω ∈ B(H, K ω ) : ω ∈ Ω} are weakly equal, if for all f ∈ H,
If the continuous g-frame Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} have only one dual (weakly), i.e., every dual of Λ is weakly equal to the canonical dual of Λ, then Λ is called a Riesz-type continuous g-frame.
Then Λ is a Riesz-type continuous g-frame if and only if RangeT * Λ = K. We mention that the authors of this paper studied some properties of continuous g-frames and Riesz-type continuous g-frames in [3] .
Disjointness of continuous g-frames
In this section we study disjointness, strongly disjointness, weakly disjointness for continuous g-frames. We prove some results concern with these concepts and we construct a continuous g-frame by disjoint and strongly disjoint continuous g-frames.
Definition 2.1. Let Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} and Θ = {Θ ω ∈ B(K, K ω ) : ω ∈ Ω} be two continuous g-frames. Then Λ and Θ are called:
Then Λ and Θ are (i) Strongly disjoint if and only if there exist invertible operators
where
(ii) 
It is sufficient to take
. Conversly, for every h ∈ H and k ∈ K we have
On the other hand
Thus
(ii) Let Γ be a continuous g-frame for H⊕K. Then for any h ∈ H, k ∈ K we have
Let there exist h 1 ∈ H and k 1 ∈ K such that T *
Then for any h ∈ H, k ∈ K we have
(iii) Let Γ be a Riesz-type continuous g-frame for H ⊕ K. Then by Theorem 1.9, we have
Γ is one-to-one, h = k = 0 and so φ = 0. Conversely, by the part (ii), Γ is a continuous g-frame and
So, by Theorem 1.9, Γ is a Riesz-type continuous g-frame.
(iv) By applying the definition of strongly disjoint and (iii), the poof is completed. (v) Let Λ and Θ be weakly disjoint and h ∈ H, k ∈ K such that Γ ω (h ⊕ k) = 0 for all ω ∈ Ω, then 
By generalizing a result from [8] we get a following proposition to construct a continuous g-frame from disjoint continuous g-frames.
Proof. Let L 1 is surjective, then by Lemma 2.3, there exist L †
for all h, k ∈ H and for all ω ∈ Ω. By part (ii) of Theorem 2.2, Γ = {Γ ω ∈ B(H ⊕H) : ω ∈ Ω} is a continuous g-frame. Therefore, for any h ∈ H we have
Therefore we have
The proof is similar whenever L 2 is surjective.
Proof. By considering L 1 = L 2 = I in Proposition 2.4 the proof is completed.
In the following results, we construct a continuous g-frame by strongly disjoint continuous g-frames by generalizing a result from [10] . Proposition 2.6. Let Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} and Θ = {Θ ω ∈ B(H, K ω ) : ω ∈ Ω} be strongly disjoint continuous g-frames and let
In particular, αΛ + βΘ = {αΛ ω + βΘ ω ∈ B(H, K ω ) : ω ∈ Ω} is a continuous g-frame for α, β ∈ C with |α| 2 + |β| 2 > 0.
Proof. For any h ∈ H we have
By taking L 1 = αI and L 2 = βI the particular case is obvious.
ω ∈ Ω} is a tight continuous g-frame with bound A. In particular, αΛ + βΘ = {αΛ ω + βΘ ω ∈ B(H, K ω ) : ω ∈ Ω} is a tight continuous g-frame if and only if |α| 2 + |β| 2 > 0 for α, β ∈ C.
In particular, it is sufficient to take L 1 = αI and L 2 = βI. * Corollary 2.8.
In particular, αΛ + βΘ = {αΛ ω + βΘ ω ∈ B(H, K ω ) : ω ∈ Ω} is a Parseval continuous g-frame if and only if |α| 2 + |β| 2 = 1 for α, β ∈ C. Now, to get a dual continuous g-frames by strongly disjoint continuous g-frames we generalize results of [1] and [9] .
for all ω ∈ Ω and for all h ∈ H, k ∈ K.
Proof. It is clear that Γ and ∆ are continuous g-Bessel families for H ⊕ K. For any h 1 , h 2 ∈ H and k 1 , k 2 ∈ K, we have
Thus by Proposition 3.2 of [2] , Γ and ∆ are dual continuous g-frames for H ⊕ K. Example 2.10. Let F : Ω → H and G : Ω → K be two continuous frames. We define two families of bounded operators Λ = {Λ ω ∈ B(H, C 2 ) : ω ∈ Ω} and Θ = {Θ ω ∈ B(H, C 2 ) : ω ∈ Ω} where
It is obvious that Λ and Θ are continuous g-frames. Also for any f, g ∈ H
So, Λ and Θ are dual continuous g-frames. We also define two families of bounded operators Φ = {Φ ω ∈ B(K, C 2 ) : ω ∈ Ω} and Ψ = {Ψ ω ∈ B(K, C 2 ) : ω ∈ Ω} where
for all g ∈ K, ω ∈ Ω. Similarly, Ψ and Φ are dual continuous g-frames.
On the other hand, for any f ∈ H and g ∈ K
so Λ and Φ are strongly disjoint. Also, Θ and Ψ are strongly disjoint. Let us consider
for all f ∈ H and g ∈ K.
Then
Which Proposition 2.9 confirm this result.
And also we have
Therefore the proof is completed.
Proof. By considering L 1 = L 2 = I in Proposition 2.11 the proof is completed.
Some results related to Riesz-type continuous g-frames
In this section by generalizing some results of [12] , we get some equivalet conditions for Riesz-type continuous g-frames.
Theorem 3.1. Let Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} be a continuous g-frame. Then the following are equivalent:
(i) Λ is a Riesz-type continuous g-frame.
(ii) There exist constants A, B > 0 such that
for some φ ∈ K and for any f ∈ H, then φ = 0.
Proof. (i) ⇒ (ii) By Proposition 1.6, it remains to prove the left-hand inequality in (3.1). By Theorem 1.9, for any φ ∈ K, there exist f ∈ H such that T * Λ f = φ. Then
and hence
(ii) ⇒ (iii) Let for some φ ∈ K and any f ∈ H, we have
Then T Λ φ = 0 and by inequality (3.1), φ = 0. (iii) ⇒ (i) Since Λ is a continuous g-frame, T Λ is onto and by (iii) T Λ is one to one, so T Λ is invertible. Consequently, T * Λ is invertible. Therefore, by Theorem 1.9, the proof is completed.
Let Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} and Θ = {Θ ω ∈ B(K, K ω ) : ω ∈ Ω} be two continuous g-Bessel families. Consider the well defined operator
and S * ΘΛ = S ΛΘ .
Then the following statements are equivalent:
Hence Γ is a continuous g-frame. On the other hand Proof. Since S ΘΛ is surjective, it follows that T Θ is surjective. On the other hand, by Proposition 1.6, T Θ is bounded. Hence by Theorem 1.7, Θ is a continuous g-frame. If Λ is a Riesz-type continuous g-frame and Θ is a continuous g-frame then by Theorems 1.9 and 1.7, T * Λ and T Θ are surjective. So, S ΘΛ is surjective.
Theorem 3.4. Let Λ = {Λ ω ∈ B(H, K ω ) : ω ∈ Ω} be a continuous g-frame and Θ = {Θ ω ∈ B(K, K ω ) : ω ∈ Ω} be a continuous g-Bessel family. Suppose that there exists a number λ with 0 < λ < A Λ such that (3.2) S ΘΛ f − S Λ f ≤ λ f , f ∈ H.
Then Λ is a Riesz-type continuous g-frame if and only if Θ is a Riesztype continuous g-frame.
Proof. For all f ∈ H we have
Then S ΘΛ is injective with closed range. On the other hand,
So S ΛΘ is also injective with closed range.Therefore 
